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Abstract

This paper presents the dual interpolation boundary face method (DiBFM) based on a binary tree grid for solving the
-D potential problems. The subdivision method based on binary tree algorithm is capable to generate both continuous and
iscontinuous grids, and to achieve the grids generation for arbitrary complex model much easier and automatically. By adding
irtual nodes on the vertices and edges of traditional discontinuous element, the dual interpolation elements are introduced
hile the order is increased by two. The values of physical variables are approximated by Lagrange interpolation polynomial

n the first-layer interpolation, and meshless interpolation is used to condense the degree of freedom of virtual nodes in
he second-layer interpolation. Since no requirement is needed for the continuity of grids in the DiBFM, the dilemma of
iscontinuous grids are avoidable. In this paper, the DiBFM is implemented based on the binary tree grids to solve general
roblems with thin-wall structures and “geometrical construction noise”.
2021 Elsevier B.V. All rights reserved.

eywords: DiBFM; Discontinuous grids; Meshless interpolation

1. Introduction

The boundary element method (BEM) based on the boundary integral equation (BIE) has been developed
apidly [1–3] in recent decades and widely applied to different fields including acoustics [4], fracture mechanics [5],
lastoplasticity [6], potential [7]. Different from the finite element method (FEM), there is no requirement of trial
unction and only discretization on the boundary by using BEM. Hence, boundary discontinuous elements can also
e used in BEM rather than domain elements in FEM.

With the wide application of CAE software in modern industrial manufacturing, it is of great significance to
ealize the automation of CAE analysis and the integration of CAE/CAD, and one key is the automatic computational
rids generation. In the implementation of FEM, the grids need to be continuous, and the computation results are
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quite dependent on the quality of grids, which requires the simplification on the CAD model with small features
such as “small chamfers and notches”. On the one hand, simplification automatically is difficult. On the other hand,
the correctness of the calculation results cannot be guaranteed since singularities may appear in the simplified
model. In order to overcome the problems caused by the independence of CAE and CAD models, T.J.R. Hughes
proposed an isogeometric analysis (IGA) method [8], which uses the same NURBS function to express the geometric
structure and approximate physical field. This method unified CAD and CAE models, and becomes a major research
hotspot [9,10]. In the early research, the IGA was mostly applied to the finite element method. Subsequently, the
isogeometric BEM (IGABEM) which coupled the IGA with the BEM was developed and has been applied to many
fields [11,12]. However, the NURBS model in IGA inevitably has gaps or overlaps at the surface intersection,
which brings the problems of grid generation again. To overcome these difficulties, the IGA using T-splines was
proposed [13]. But for arbitrary three-dimensional structure, it is a more challenging problem to convert the two-
dimensional T-splines surface representation into a three-dimensional T-splines solid grid model. Furthermore, the
IGA is not suitable for the structures with“geometric noise”, where geometry restorations are required. Besides, the
boundary face method (BFM) [14,15] is proposed to truly achieve the integration of CAD\CAE and CAE analysis
is performed directly on CAD models. In the implementation of BFM, no processing of CAD models is needed,
and the geometric errors are avoided since the integrals and physical variables are interpolated in the parameter
space of surfaces for 3D problems.

In the implementation of BFM and conventional BEM, the choice of continuous element or discontinuous element
has always been controversial [16] and either has its pros and cons. When using discontinuous elements, it is
convenient to deal with singular integrals and can reduce the difficulty of grid generation, but the interpolation
accuracy is poorer than that when using continuous elements with the same number of source points. While using
continuous element, the C0 continuity of variables can be ensured, but it is troublesome to handle the corner problem.

o unify continuous and discontinuous elements, the DiBFM [17] is developed by implementing the BFM based on
he dual interpolation element. These elements include two kinds of node: source and virtual nodes. The source nodes
re arranged inside in the elements and the virtual are put on the vertices and edges in 3-D problem. The values
f variables are approximated by Lagrange interpolation polynomial in the first-layer interpolation. Since only the
ource nodes are the collocation points of BIE, in the implementation of the second-layer interpolation, the meshless
nterpolation is constructed to interpolate variable values of the virtual nodes with the source. The advantage that
rial function does not be continuous is fully utilized in DiBFM and the accuracy gets improved. What is more, the
rid obtained by the binary tree subdivision method (BTSM) [18] can be applied to the implementation of DiBFM
ince there is no requirement of continuous grids.

Compared with the traditional continuous grid generation methods, such as the advancing front method [19],
elaunay triangulation method [20], mapping method [21], BTSM can generate both continuous and discontinuous
rids, and make the grids generation automatically for arbitrary complex models.

In this paper, the Hermite-type moving-least-squares (HMLS) approximation proposed by Li and Aluru [22,23] is
hanged with the standard moving-least-squares (MLS) [24,25] interpolation in the implementation of the DiBFM.
n the implementation of MLS interpolation, only the unknown potential need to be considered in the weighted
xpression and the shape functions are constructed in the cylindrical coordinates systems for the boundary value
roblem. However, in the HMLS interpolation, the normal flux is also taken into account and the shape functions are
onstructed in Cartesian coordinates so that the influence domain of the weight function has more than one surface.
herefore, the DiBFM with HMLS interpolation is more advanced and efficient for solving practical problems with

hin-wall structures and geometrical construction noise.
Section 2 introduces the binary tree grids. The dual interpolation method in 3-D problem is introduced in

ection 3. Section 4 demonstrates the DiBFM with HMLS interpolation. Numerical examples are given in Section 5.
ection 6 drafts the conclusions.

. Binary tree grids

The grids obtained in the binary tree subdivision method are called binary tree grids. These grids are continuous
nd discontinuous grids as shown in Fig. 1. Compared with the traditional mesh generation methods with the
ontinuous grids, this method can use hanging points, and is more suitable to mesh models with complex geometric
onfiguration. In addition, this method is able to control the mesh density flexibly and to generate anisotropic grids
ore naturally.
2
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Fig. 1. Binary tree grids.

The fan blade is used as example to show the implementation process of the binary tree subdivision method as
epicted in Fig. 2

The binary tree mesh generation process of the surface is implemented in the parameter space of the surface,
nd the algorithm is described as

① First, determine the initial root element which is defined by the largest rectangular bounding area in the domain
f the surface.

② Secondly, subdivide according to the given mesh size and the curvature of the surface.
③ Then subdivide the boundary curve of the surface according to the boundary conditions, and obtain the discrete

oints on the boundary.
④ The leaf elements are further divided according to the distribution of discrete points, so that the sizes of

djacent leaf elements are well transitioned.
⑤ Find the intersection of the boundary curve and the edge of the leaf element, and judge the position for all

odes from the intersection on the edge of the element.
⑥ The nodes close to the boundary curve are moved to the boundary curve.
⑦ Finally, after template processing, i.e. eliminating the short edges and large angles, the final mesh generation

esult is generated.
It is worth noting that, combined with the DiBFM, the binary tree grids can heritage all advantages of the BIE

ithout the requirement of the trial function continuity. One key of the integration of CAE/CAD is the automatic
omputational grid generation and the discontinuous grid generation method based on the binary tree algorithm
akes the automatic grid generation with arbitrary complex structures feasible.

. Dual interpolation method

In the implementation of this method, there are two interpolations and the dual interpolation element is
ntroduced. These elements include two types of nodes: source and virtual nodes. The source nodes locate inside
he elements while the virtual nodes on the edges and the vertices as shown in Fig. 3.

Fig. 4 shows an example of virtual node layout. In general, virtual nodes are assigned according to the following
ules:

(1) The virtual nodes of the same geometric surface or smooth geometric boundary at the same mesh vertex are
shared, as shown by the point Qv

1;
(2) The virtual nodes of the same geometric surface or smooth geometric boundary at the same grid edge are

shared, as shown by the point Qv
2;

(3) The virtual nodes at the vertices of the mesh on the non-smooth geometric boundary are generated separately,
as shown by the point Qv

3;
(4) The virtual nodes at the edges of the mesh on the non-smooth geometric boundary are generated separately,

as shown by the point Qv
4.
3
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Fig. 2. The implementation process of the BTSM.
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Fig. 3. Dual interpolation constant elements based on binary tree grids.

Fig. 4. The layout scheme of virtual nodes.

3.1. First-layer interpolation

The boundary physical variables are approximated with Lagrange interpolation polynomial in this interpolation.
Different from the interpolation of traditional discontinuous element, the contribution of virtual nodes also needs
to be taken into account. For the potential u and its normal derivative q in 3-D potential problem, the first-layer
interpolation form [17] is

u(ξ, η) =

nα∑
α=1

N s
α(ξ, η)u(Qs

α) +

nβ∑
β=1

N v
β (ξ, η)u(Qv

β), (1)

q(ξ, η) =

nα∑
α=1

N s
α(ξ, η)q(Qs

α) +

nβ∑
β=1

N v
β (ξ, η)q(Qv

β), (2)

here ξ and η are the coordinates, the superscripts s indicate the source node and v virtual node, nα and nβ are
he number of source and virtual nodes, u(Qs

α
), q(Qs

α
), and N s

α(ξ, η) represent the potential, normal flux, and shape
unction of the source node, respectively, and u(Qv

β), q(Qv
β), and N v

β (ξ, β) are the similar variables corresponding
o the virtual node, respectively.

.2. Second-layer interpolation with HMLS interpolation

Since the virtual nodal values in the first-layer interpolation are not independent, the meshless interpolation is
sed to approximate the variable values of virtual nodes with the source in this interpolation. The detail of HMLS

nterpolation is described below

5



J. Zhang, R. Xiao, P. Wen et al. Computer Methods in Applied Mechanics and Engineering 390 (2022) 114432

w
s
n

w
f

w
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For a point t given in Fig. 5, the potential u and normal flux q in its neighborhood are given as:

u(x, y, z) = pT
u (x, y, z)at , (3)

q(x, y, z, n) = pT
q (x, y, z, n)at , (4)

here pu(x, y, z) and pq (x, y, z, n) are the basis functions of potential u and its normal derivative q , respectively,
uperscript T stands for transpose. at denotes the unknown coefficient, (x, y, z) are the Cartesian coordinates and
represents the outward normal.
To obtain at , the residual J is defined as:

J =

M∑
k=1

wk[pT
u (xk, yk, zk)at − uk]2

+

M∑
k=1

wk[pT
q (xk, yk, zk, nk)at − qk]2, (5)

here M is the number of interpolation points in the neighborhood of point t, wk , uk and qk are the weighted
unction, potential and normal flux of interpolation point k, respectively.

Setting ∂ J
∂at

= 0 and at is derived as:

at = C−1
t (PT

u Wu + PT
q Wq), (6)

here

Ct = PT
u WPu + PT

q WPq , (7)

W =

⎡⎢⎢⎢⎢⎢⎣
w1 0 · · · 0

0 w2 · · · 0
...

...
. . .

...

0 0 · · · wM

⎤⎥⎥⎥⎥⎥⎦ , (8)

PT
u =

[
pu(x1, y1, z1) pu(x2, y2, z2) · · · pu(xM , yM , zM )

]
, (9)

PT
q =

[
pq (x1, y1, z1, n1) pq (x2, y2, z2, n2) · · · pq (xM , yM , zM , nM )

]
, (10)

u =
(
u1 u2 · · · uM

)
, (11)

q =
(
q1 q2 · · · qM

)
, (12)

Substituting Eq. (6) into Eqs. (3) and (4), we obtain:

u(x, y, z) = φuu(x, y, z)u + φuq (x, y, z)q, (13)

qu qq
q(x, y, z, n) = φ (x, y, z, n)u + φ (x, y, z, n)q, (14)

6
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Fig. 6. Schematic diagram of interpolation implementation.

where φuu(x, y, z), φuq (x, y, z, n), φqu(x, y, z), and φqq (x, y, z, n) are the shape functions of HMLS interpolation
as below:

φuu(x, y, z) = pT
u (x, y, z)C−1

t PT
u , (15)

φuq (x, y, z) = pT
u (x, y, z)C−1

t PT
q , (16)

φqu(x, y, z, n) = pT
q (x, y, z, n)C−1

t PT
u , (17)

φqq (x, y, z, n) = pT
q (x, y, z, n)C−1

t PT
q , (18)

Here the HMLS interpolation serves as the second-layer interpolation and its form is defined as follows:

u(Qv
β) =

M∑
I=1

φuu
I (xv, yv, zv)û(Qs

I ) +

M∑
I=1

φ
uq
I (xv, yv, zv, nv)q̂(Qs

I ), (19)

q(Qv
β) =

M∑
I=1

φ
qu
I (xv, yv, zv)û(Qs

I ) +

M∑
I=1

φ
qq
I (xv, yv, zv, nv)q̂(Qs

I ), (20)

where M represents the number of the source nodes located in the influence domain (see Fig. 6) of the virtual node
Qv

β , the superscripts s and v denote source and virtual node, respectively. It is worth noting that û(Qs
I ) and q̂(Qs

I )
are different from the nodal values of u(Qs

I ) and q(Qs
I ) in general cases.

4. DiBFM with HMLS interpolation for 3-D potential problems

4.1. Boundary integral equation

Consider a potential problem in an arbitrary 3-D domain Ω enclosed with the boundary Γ as shown in Fig. 7:

∇
2u = 0, ∀x ∈ Ω

u = u, ∀x ∈ Γu

q =
∂u
∂n

= q, ∀x ∈ Γq

, (21)

here Γu and Γq are the essential and natural boundaries, respectively. The over bar denotes the prescribed value,
nd n represents the unit outward normal.

The boundary integral equation for the potential problem is given [26]:

c(P)u(P) =

∫
G(P, Q)q(Q)dΓ (Q) −

∫
F(P, Q)u(Q)dΓ (Q), (22)
Γ Γ

7
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Fig. 7. Objective of arbitrary domain Ω with the boundary Γ .

where P and Q denote the source and field points, respectively, c(P) = 1/2 for smooth boundary at P , G(P, Q)
represents the response at the field point Q caused by the source P , and F(P, Q) is the normal derivative of
G(P, Q), for 3-D potential problems, their forms are given as

G(P, Q) =
1

4πr
, (23)

F(P, Q) =
∂G(P, Q)

∂n(Q)
= −

1
4πr2 r,k nk(Q), (24)

where r is the distance between source point P and field point Q, and r,k = ∂r/∂ Qk = (Pk − Qk)/r , k = 1, 2, 3,
nk denotes the component of normal n.

4.2. Discretization

In the implementation of DiBFM, the dual interpolation elements are applied to discretize the boundary integral
Eq. (22). Considering the contribution of virtual nodes, the discretized form of Eq. (22) becomes:

ne∑
e=1

[
nα∑

α=1

hss(Pl)u(Qs
e(α)) +

nβ∑
β=1

hsv(Pl)u(Qv
e(β))] =

ne∑
e=1

[
nα∑

α=1

gss(Pl)q(Qs
e(α)) +

nβ∑
β=1

gsv(Pl)q(Qv
e(β))], (25)

n which

hss(Pl) =

∫
Γe

∂G(P, Q)
∂n(Q)

N s
e(α)(Q)dΓ (Q) +

1
2
δl

e(α), (26)

hsv(Pl) =

∫
Γe

∂G(P, Q)
∂n(Q)

N v
e(β)(Q)dΓ (Q), (27)

gss(Pl) =

∫
Γe

G(P, Q)N s
e(α)(Q)dΓ (Q), (28)

gsv(Pl) =

∫
Γe

G(P, Q)N v
e(β)(Q)dΓ (Q), (29)

nd

δl
e(α) =

{
1, if Pl is located at αth source node in eth element

0
, (30)

here Pl denote lth source point (l= 1, 2, . . . , Ns). Ns is the number of source points, ne is the number of elements
nd nα, nβ indicate the number of source and virtual nodes in an element, respectively. N s

e(α) and u(Qs
e(α)) represent

he shape function and potential of the αth source point in eth element.
In Eqs. (26)–(29), singular and nearly singular integrals arise when the source point is on or close to the

ntegration element. Since only the source points are arranged as the collocation points in dual interpolation element,
he integration scheme is the same as that for traditional elements, for which various methods have been put forward

o compute these integrals [27,28]. In this article, a spherical element subdivision method (SSM) [29] is employed to

8
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obtain integral patches in suitable size and shape, and the method using approximate expansion of local coordinate
is applied to handle the hypersingular integral [30].

4.3. Assembly and solution

Eq. (25) is expressed in matrix form as follows:

Hu = Gq, (31)

here u and q denote the vectors of physical variables. H and G are the coefficient matrices obtained by boundary
ntegrals.

Distinguishing the sources points from the virtual points in Eq. (31), we obtain:[
Hss Hsv] {

us

uv

}
=

[
Gss Gsv] {

qs

qv

}
, (32)

here the superscripts s and v denote the source and virtual points, respectively. Furthermore, the vectors uv and
v can be rewritten as:

uv
= uv

+ ũv, (33)

qv
= qv

+ q̃v, (34)

where the superscripts ‘−’ and ‘∼’ denote the boundaries with and without specified values, respectively. The
nknown potentials and fluxes can be approximated by HMLS approximation discussed above. Therefore, ũv and
v are given as shown below:

ũv
= φvs

uuus
+ φvs

uqqs, (35)

q̃v
= φvs

quus
+ φvs

qqqs, (36)

here φvs
uu , φvs

uq , φvs
qu , and φvs

qq are the shape function matrices of HMLS approximation defined above (Section 3.2).
Substituting Eqs. (33)–(36) into Eq. (32), we obtain:

Hssus
+ HsvΦvs

uuus
+ HsvΦvs

uqqs
+ Hsvuv

= Gssqs
+ GsvΦvs

quus
+ GsvΦvs

qqqs
+ Gsvqv, (37)

and with simplification, we have:

Hsus
= Gsqs

+ bv, (38)

here

Hs
= Hss

+ HsvΦvs
uu − GsvΦvs

qu, (39)

Gs
= Gss

+ GsvΦvs
qq − HsvΦvs

uq , (40)

bv
= −Hsvuv

+ Gsvqv. (41)

Considering the boundary conditions, Eq. (38) gives:{
Hs H̃s} {

us

ũs

}
=

{
Gs G̃s} {

qs

q̃s

}
+ bv, (42)

Finally a linear algebraic equation is given as:

Ax = b, (43)

here

A =
{
H̃s G̃s} , x =

{
ũs

s

}
, b = Gsqs

+ bv
− Hsus (44)
q̃
9
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Fig. 8. (a) Geometry of a cube and (b) its mesh with binary tree grids.

in which A is the coefficient matrix of linear system of equation, x is the unknown vector only at source points,
nd b is the vector obtained by boundary condition.

Eq. (31) is of same scale as the conventional BEM, however, the DiBFM can achieve higher accuracy by
ncreasing the interpolation precision.

. Numerical examples

In this section, we present four numerical examples to demonstrate the superiority of the proposed method. Firstly,
he example of cube with analytical solution is used to test the accuracy and efficiency. The next two examples are
resented to show its advantages in solving thin-wall structures. The last example demonstrates its capacity to deal
ith complex model. Analytical solutions and solutions given by the finite element software are compared in all

xamples. In addition, the relative errors are considered to evaluate the accuracy and convergence of DiBFM, which
re defined as:

error =
1⏐⏐w(e)
⏐⏐
max

√ 1
M

M∑
i=1

[w(e)
i − w

(n)
i ]2, (45)

here
⏐⏐w(e)

⏐⏐
max denote either maximum absolute value of potential or its normal derivative over M sample points,

u(e)
i and u(n)

i represent the reference solutions.

5.1. Cube with mixed boundary condition

The first example is a cube of the unit length as shown in Fig. 8. The Dirichlet boundary condition is applied
on the faces of z = ±1 and the Neumann boundary condition is applied on the remaining faces. The potential and
normal flux boundary conditions are given as:

u(x) = x3
+ y3

+ z3
− 3x2 y − 3y2z − 3z2x (46)

q(x) = −k
∂u(x)
∂n(x)

= −k(qx nx + qyny + qznz) (47)

where

qx = 3x2
− 6xy − 3z2, qy = 3y2

− 6yz − 3x2, qz = 3z2
− 6xz − 3y2 (48)

where x represents the field point in 3-D Cartesian coordinate system. n(x) or (nx , ny, nz) denote the outward
normal, k = 1 W/(m K) is the heat conductivity.

The results given by the tradition BEM are presented. Symbols Err u and Err q represent the relative errors of
potential and normal flux, Ns and Time denote the number of source nodes and the total CPU time, respectively.
10
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Table 1
Comparison of relative errors between DiBFM and Traditional BEM.

DiBFM Tradition BEM

Ns Err_u Err_q Ns Err_u Err_q

136 9.03E−4 2.43E−2 136 7.18E−3 2.78E−2
400 2.80E−4 1.14E−2 406 5.19E−3 2.42E−2
880 9.85E−5 5.27E−3 934 2.63E−3 1.62E−2
2416 3.12E−5 1.75E−3 2566 1.15E−4 9.79E−3

Fig. 9. Comparison of accuracy between DiBFM and Tradition BEM.

Fig. 10. Comparison of efficiency between DiBFM and Traditional BEM.

The relative errors Err u and Err q are presented in Table 1. The comparison of accuracy and efficiency between
iBFM and Tradition BEM is depicted in Figs. 9 and 10.
From the results above, It is seen that the accuracy and efficiency of DiBFM are both better than that of the

radition BEM under the condition that the same number of nodes are used, and the convergence speed of DiBFM
s much faster with the increasing number of nodes.

.2. Goblet with small feature structure

The second example is from the steady heat conduction problem of a goblet with small feature structure shown
n Fig. 11(a). The goblet is filled with 50 ◦C water and its outer surfaces are exposed to air. So the Dirichlet
oundary conditions are applied to the inner surfaces of the goblet and the remaining surfaces are specified with
he Robin boundary conditions. The environment temperature, the heat conductivity and convection are chosen to
11
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Fig. 11. (a) Goblet geometric model and (b) its mesh with binary tree grids.

Fig. 12. Contours of temperature: DiBFM with 1880 source nodes.

22 ◦C, 7.6 W/(m K) and 0.8. The domain is discretized with binary tree grids shown in Fig. 11(b) with constant
elements in DiBFM.

The temperature distribution of the goblet obtained by DiBFM with 1880 nodes is shown in Fig. 12, and the
esults given by FEM with 222335 nodes are presented in Fig. 13 for comparison.

Results along the curve m-n by the two methods are shown in Fig. 14, Y denotes the vertical distance from the
bserving points.

It can be seen that the contours given by our method using fewer nodes are consistent with FEM using much
ore nodes. And the result obtained by DiBFM on the curve m-n is almost identical to FEM. This example also
alidates the applicability of DiBFM to complicated structures with small geometric features.

12
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Fig. 13. Contours of temperature: FEM with 222335 nodes.

Fig. 14. Comparison of temperature result along the curve m-n of DiBFM and FEM.

5.3. Sink with thin-walls

Next, we consider a mixed boundary condition problem of a sink with thin-walls shown in Fig. 15(a). The
Dirichlet boundary condition is specified on the sub-surface and, Neumann and Robin boundary conditions on
the base and the remaining faces of the sink, respectively. The heat flux, the environment temperature, the heat
conductivity and convection are selected as 10 W, 22 ◦C, 237 W/(m K) and 0.8.

The contours of temperature in the goblet obtained by DiBFM with 14393 nodes are given in Fig. 16 and the
contours given by FEM using 524133 nodes are shown in Fig. 17 for comparison. The temperature variations along
the straight line s-t are plotted in Fig. 18, where Z represents the vertical distance from the point s. Excellent
agreement can be obtained. This example demonstrates that DiBFM with HMLS interpolation is applicable to
thin-wall structures.

5.4. Sleeve

To demonstrate the ability to deal with the arbitrary complex geometry, we investigate the steady heat conduction
in a sleeve as shown in Figs. 19–20 with mixed boundary conditions. The hole surfaces of the sleeve are specified

◦ ◦
with the Dirichlet boundary conditions. Temperatures on the surfaces of the middle hole are 100 C and 60 C on
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Fig. 15. (a) Geometric model of a sink and (b) its mesh with binary tree grids.

Fig. 16. Contours of temperature: DiBFM with 14393 source nodes.

Fig. 17. Contours of temperature: FEM with 524133 nodes.
14
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Fig. 18. Temperature variations along straight line s-t with DiBFM and FEM.

Fig. 19. Geometry of sleeve.

Fig. 20. Mesh with binary tree grids for sleeve.
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Fig. 21. Contours of temperature: DiBFM with 5324 source nodes.

Fig. 22. Contours of temperature: FEM with 964528 nodes.

the other four small hole surfaces. Robin boundary conditions are applied to the remaining surfaces of the sleeve.
The environment temperature, heat conductivity and convection are chosen 22 ◦C, 40 W/(m K) and 0.8, respectively
and constant elements are used.

Fig. 21 shows the temperature variations obtained by DiBFM with 5324 nodes and the results by FEM with
964528 element nodes are shown in Fig. 22 for comparison. By observing these two solutions, we can see that
the results by those two methods are almost the same which shows the accuracy of DiBFM for solving general
engineering problems.

6. Discussion and conclusions

The DiBFM coupled with the binary tree grids scheme has been extended to 3-D potential problems. In
the implementation of the DiBFM, CAE analysis is performed directly on CAD models, the geometric errors
between CAD and CAE model are avoided. By adding virtual nodes on traditional discontinuous element, the dual
interpolation elements are introduced. The first-layer interpolation is applied to approximate the physical variable
by source and virtual nodes, and the meshless interpolation is constructed to interpolate the values of the virtual
nodes with the source in the second-layer interpolation. Compared with the traditional discontinuous element, the
dual interpolation element has higher interpolation accuracy and can be applied to continuous and discontinuous
field. And it also takes slightly more time due to the integration and assembly for virtual nodes.

Since the BTSM can generate the continuous and discontinuous grids automatically in general, automatic grids
generation of complex models becomes much easier. And the ability to use discontinuous grids for efficient
calculations is a major advantage of our method. However, we have to admit that using continuous grids can achieve
higher accuracy than using discontinuous grids when only the grid continuity is considered.
16
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Numerical examples for potential problems demonstrate that the DiBFM with discontinuous grids has higher
ccuracy and efficiency than the conventional BEM. Compared with the FEM, this method can achieve same
ccuracy degree much less nodes and has faster convergence rate. More complex 3-D engineering problems such
s acoustic simulations can be observed by DiBFM in the future work.
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